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Figure 1 compares the predictions of the present theory and that
of the k±² model with the Wilcox compressibility correction5 with
case 2 of Ref. 7. For this case,

U2/ U1 = 0.25, q 2/ q 1 = 0.58, T01 = T02 = 276 K

M1 = 1.96, M2 = 0.37, Mc = 0.64
(7)

where Mc is the convectiveMach number. It is seen that the present
modeloutperformsthek±² model.Becausethepresentmodelmakes
use of Morkovin’s hypothesis, it is expected that its predictionswill
deviate from measurements at high convective Mach numbers and
high stagnation temperature ratios.

To illustrate the ability of the model to compute wall bounded
¯ ows, the work of Kussoy and Horstman8 for a cold-wall boundary
at a freestream Mach number M 1 = 8.18 is selected. Calculations
were obtained using a modi® cation of the boundary-layer code by
Harris and Blanchard.9 Solutions provided by this code are second-
order accurate.The freestreamboundaryconditions imposed on the
model are k 1 / U 2

1 = f 1 / (U 1 / )̀2 » 10¡ 7, where `is a characteris-
tic length scale and was set equal to 1. The wall boundaryconditions
are kw = 0, and f w was set such that k » k0 y2 with molecular dif-
fusion balancing dissipation as required in the k equation. A grid
of 175 points in the normal direction with geometric stretching of
7% was used in all boundary-layer calculations. A grid study was
conducted,and it was determined that the results were grid indepen-
dent.Comparisonswith experimentand the k±x modelare shown in
Fig. 2, where subscript e refers to edge conditions,u s is the friction
velocity,and m w is the kinematic viscosityevaluatedat the wall tem-
perature. It is seen that the k±f model agrees well with experiment.
Differences in measured skin-friction and heat transfer coef® cients
and predictions of the k±f model are 6.9 and 7.1%. Similar results
for the k±x model are 8.1 and 19.2%.

In conclusion, the present model outperforms both the k±² and
the k±x models. Thus, we have at hand a model that is capable of
calculating low-speed and high-speed ¯ ows with one set of model
constants.
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Introduction

B ODY motion in the atmosphere is essentially a coupled prob-
lem: the body motion depends on aerodynamic coef® cients,

which in turn are found by solving the problem of the ¯ ow® eld
around the body. The input data for the aerodynamic problem are
parameters of the incident ¯ ow, body geometry, and spatial orien-
tation of the body.

To solve this problem with a high degree of accuracy, one should
integrate simultaneously both the equations of motion of the body
and the equations describing the ¯ ow® eld around the body. This
approach requires considerable computer resources but can be im-
proved in the case of free supersonic motion of a slender body of
revolution. Such a motion is usually accompanied by small angles
of attack.

We considersupersonic¯ ightof a bluntslenderbodyof revolution
through a large-scale cloud of heated gas (thermal) ¯ oating in the
strati® ed atmosphere. An ef® cient numerical method to determine
the body motion is proposed.The dependenceof the solutionof the
¯ owproblemon theangleof attackis foundanalyticallybyusingthis
method. The proposed method shows how the thermal environment
alters the trajectory, spatial orientation, and ¯ ight stability of the
body. How the location of the center of pressure depends on the
Mach and Reynolds numbers of the incident ¯ ow has also been
studied.

Statement of the Problem
We will assume that, at an instant of time in the strati® ed atmo-

sphere, an axisymmetric cloud of heated gas is formed having the
following parameters:

T (h, d) = Ta(h) + [Tmax ¡ Ta (h)] exp[¡ ( R ¡ 1
T R)2

]
where RT = 1.2 km, Tmax = 1600 K, Ta (h) is the temperature of the
unperturbedatmosphere at the altitude h, d is the distance from the
thermal’s axis of symmetry, R = [(h ¡ H )2 + d2]1/ 2, and H =
20 km. The position of the temperaturemaximum Tmax corresponds
to the altitude H .

The cloud ¯ oats up and forms a vortex ring. The cloud begins to
¯ oat up at the altitude of 22 km, and 15 s later the body enters it
horizontallywith a velocity V0 = 2000 m/s (the vertical component
of the velocity is equal to zero). The body has the form of a cone
with a blunt spherical nose of radius R0 = 0.1 m, semivertex angle
of 15 deg, length L = 2 m, and mass of 1000 kg; the center of
mass of the solid is situated a distance Lc from the spherical nose.
Initially, while the thermal does not in¯ uence the body motion, the
trajectory plane is 500 m from the axis of symmetry of the thermal.
The relative positionof the body and the thermal at the initial instant
of time is shown in Fig. 1.

At the instant the body enters, the gas is twisted into a toroidal
vortex ring, which ¯ oats up into the atmosphere. In view of this, the
freestream¯ ow has a varying space±time structure.We will assume
that the body does not in¯ uence the gas motion in the thermal. The
¯ ow past the body is assumed to be laminar.
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Fig.1 Relativepositionof the bodyandthe thermalat the initial instant
of time (top view); the X axis is situated along the direction of velocity
vector V0 of the body at the initial instant of time, and velocity vector
V0 is parallel to the horizontal plane (X, Y).

Two cases have been considered:the centers of mass at 0.5 m and
at 1.4 m from the body’s spherical nose, which correspond to high
and low stability of the body’s ¯ ight, respectively.

It is assumed that the angular velocity of body rotation around
its own symmetry axis is suf® ciently small, so that one can neglect
any viscous torques parallel to the axis of symmetry of the body.
Such an assumption is equivalent to assuming the condition that the
angular velocity of the body is small initially.

Method of Solution
A numerical method of calculating the convective-diffusionmo-

tion of air in the thermal domain has been described in Ref. 1.
The ¯ ow® eld around the body is described by the system of

equations of the full viscous shock layer (FVSL) (for example, see
Ref. 2). The asymptotic small-parametermethod is used to solve the
equations of spatial FVSL, where the small parameter is the angle
of attack a (Ref. 2). The method consists of expanding the required
spatial solution in an asymptotic series in a . Only the ® rst term
of expansion with respect to a remains. If one takes into account
higher terms of the expansion, the correction is 2±3% (Ref. 3). The
coef® cients of expansionin the angle of attack are determinedby an
ef® cient iterativenumericalmethod.2 The aerodynamiccoef® cients
are obtained in the following form: the drag coef® cient Cd = C (0)

d ,
the lifting force coef® cient Cl = a C (1)

l , and the pitching moment
coef® cient Cm = a C (1)

m . Here C (0)
d , C (1)

l , and C (1)
m do not depend

on a , i.e., linear aerodynamics is assumed.
The whole system of the governing equations can be solved as

follows.
Initially,the systemofFVSL is solvedfor the speci® ed parameters

of the incident¯ ow. Then, during a time D tg , the system of ballistics
equationswith six degreesof freedom(it governsthree-dimensional
motion of the body’s centerofmass and three-dimensionalrotational
motion of a solid around its center of mass) is integrated with ® xed
values of C (0)

d , C (1)
l , and C (1)

m , which depend only on the parameters
of the incident ¯ ow, but with variable values of the angle of attack.
The time step D tg takes values of 0.2±3 s, depending on the rate of
changes in the parameters of the incident ¯ ow during the motion of
the body. The system of the ballistics equations is integrated with
step D tb ¿ D tg . This is because the characteristic time of varia-
tion of the body’s motion parameters (about 0.1 s for the angle of
attack) is much less than the characteristic time of variation of the
parameters of the incident ¯ ow. After the time D tg , the sequence of
the solutionof the whole systemis repeatedwith, possibly,otherval-
ues of D tg and D tb . The system of ballistics equations is integrated
on the base of the Runge±Kutta method of third-orderaccuracywith
respect to D tb . In the calculations, the characteristic ratio D tb/ D tg

was 10 ¡ 2±10 ¡ 3 . The characteristic time to calculate the interval of
physical time D tg amounted to 35±40 min on an IBM 386 computer.

Results
For the considered body’s mass center locations, the pressure

center in the unperturbed atmosphere turns out to be behind the

center of mass, and a body ¯ ight is statically stable. If the body
moves toward the thermal center, the density of the incident ¯ ow
diminishes rapidly, while the temperature grows, which leads to
a reduction in the Mach number M 1 and the Reynolds number
Re1 . In Table 1 we give data on the gas temperature T1 , the gas
density q 1 , the altitude of the ¯ ight h, the gas ¯ ow velocity in the
thermal W , and the angle " of inclination of the vector ÃW to the
axis of symmetry of the thermal at several points of the trajectory
(the angle " is measured from the pointing upward thermal’s axis
of symmetry). To calculate the Reynoldsnumber,we take the radius
of the nose R0 as a characteristic scale.

A reduction in the mach number M 1 at ® xed Reynolds number
Re1 causesthecenterof pressureto shift toward thenose of thecone
(Fig. 2). At the same time, reduction in Reynolds number Re 1 for
® xed Mach number M 1 shifts the center of pressure in the opposite
direction (see Fig. 2). Nevertheless, the overall effect of changes in
Mach number M 1 and Reynolds number Re1 along the trajectory
is to displace the center of pressure toward the nose of the cone,
which reduces its ¯ ight stability.

While in motion, the body oscillates about the position corre-
sponding to zero angleof attack.On passingthroughan unperturbed
atmosphere, the amplitude of the oscillations of the angle of attack
is small (about 0.03 deg for Lc = 0.5 m). When L c = 0.5 m, the
body has a considerable reserve of stability, and the oscillations
of the angle of attack occur with relatively small amplitude. When
L c = 1.4 m, the angle of attack varies with period and amplitude,
which are 5±10 times greater than for L c = 0.5 m. In the neigh-
borhood of the center of the thermal, where the velocity of the gas
motion is a maximum, the angle of attack is maximum (about 0.3
deg for L c = 0.5 m and about 6 deg for Lc = 1.4 m). In this region,
the center of pressure turns out to be ahead of the center of mass for
L c = 1.4 m (Fig. 3), and the body ¯ ight becomes unstable.

Table 1 Values of the ¯ ow parametersa in the thermal and the
altitude of the body at several points along the ¯ ight trajectory

Flight Flight altitude, m q 1 £ 102,

time, s Lc = 0.5 m Lc = 1.4 m T1 , K kg/m3 W , m/s t , deg

1 21,996 21,996 221 5.9 18 117
2 21,982 21,983 391 3.6 59 24
3 21,961 21,966 637 2.4 224 1
4 21,933 21,948 448 3.2 92 10
5 21,896 21,926 231 6.3 23 136
6 21,852 21,896 217 6.6 6 154

aDifference between ¯ ow parameters in the thermal for Lc = 0.5 and 1.4 m is insignif-
icant.

Fig. 2 Distance between the center of pressure Lp and the vertex of the
cone vs Reynolds number Re 1 at various values of Mach number M1 .
The ¯ ow past the body is assumed to be laminar.
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Fig. 3 Distance between the center of pressure Lp and the vertex of the
cone vs ¯ ight time t.

Fig. 4 Projections of body trajectories onto the horizontal plane (lat-
eral drift Y vs X coordinate); X and Y axes are the same as in Fig. 1.

When L c = 0.5 m, the presence of the thermal along the path
of the body has practically no effect on the trajectory; when Lc =
1.4 m, the change of the trajectory is much more signi® cant than in
the ® rst case due to less stability of the ¯ ight (or its instability in the
thermal domain).

The great difference between ¯ ight stability in cases Lc = 0.5
and 1.4 m causes an interesting effect obtained from the computa-
tions. Projections of the body trajectory onto the horizontal plane
are shown in Fig. 4. At each point along the ¯ ight trajectory into
the thermal domain, the velocity ÃW has a positive Y component.
On entering the thermal domain, the body’s center of mass begins
to drift to the left under the in¯ uence of an incident ¯ ow, and the
body’s axis of symmetry begins to turn in the direction of the inci-
dent ¯ ow (clockwise in Fig. 4). When L c = 0.5 m, the body lines
up rapidly with an incident ¯ ow and continues to shift to the left.
When L c = 1.4 m, it turns out that clockwise rotating body gets
into the region where it loses stability (see Fig. 3). In this situation,
the clockwise rotation of the body is enhanced even more. As a
result, on leaving the thermal the body goes to the right, i.e., in the
direction in which it has been turned. The trajectory oscillations in
Fig. 4 are due to the yaw angle oscillations.
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I. Introduction

D URING the past 20 years, a number of formulations, based on
the streamfunction as a coordinate (SFC) concept, i.e., writ-

ing the governingequations in a system of independentcoordinates
aligned with streamlines, have been used in computational ¯ uid
dynamics (CFD).1¡ 6 One attractive advantage is that SFC formu-
lations permit computation of the parameters of the ¯ ow without
prior grid generation in the computational domain. The governing
equations play a double role of both the equations describing the
motion of the media and the grid generation equations. As a re-
sult of this, both computational time and memory requirements can
be reduced. Furthermore, the resulting streamline-aligned compu-
tational grid naturally conforms to the boundaries of the physical
domain. These features are utilized in most of the works dealing
with the SFC method in CFD especially for the solution of inverse
or optimal design problems in aerodynamics.1,3

An essential feature of the SFC technique is the choice of the
independent coordinate, which compliments the streamfunction to
produce the nondegenerate system of independent coordinates. It
is well known that one of the major limitations of the original von
Mises approach7 is that the resulting system of coordinates degen-
erates at locations where the velocity vector is normal to the axis of
the transverse Cartesian coordinate. This situation is typical for the
¯ ow in the vicinity of the leading edge of an airfoil. This limits ap-
plicabilityof the von Mises approach to cases where one can expect
in advance that the ¯ ow direction will not change signi® cantly over
the ¯ ow domain.

In the current work, a streamline-based transformation that gen-
erates an orthogonal streamwise coordinate system is used. Un-
like similar formulations used in Refs. 4 and 5, the formulations
developedand used in this work have an advantage in that they have
a conservativeform, ensuring both global and local conservationof
mass and irrotationalityof the velocity vector ® eld.

II. Reformulation of Governing Equations
The assumptions that the velocity vector ® eld is potential (irrota-

tional) and that the ¯ ow is isentropic and isenthalpic are well estab-
lished in modelingof compressible¯ ows. Under these assumptions,
the equations of momentum and energy follow from the continu-
ity and irrotationality equations,8 and the governing system may be
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